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In this paper, we consider the multidimensional Bernstein-Durrmeyer operators
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means of K-functionals and the smoothness of the functions they approximate.
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1. INTRODUCTION

Bernstein-Durrmeyer polynomial operators were introduced by 1. L.
Durrmeyer [11] for ! ELI [0, 1]. These operators were brought to
the attention of the mathematical community through a paper of
M. M. Derriennic [5] in 1981. M. Heilmann [13] considered the satura­
tion of these operators in L p (1 ~ p < (jJ). Z. Ditzian and K. G. Ivanov [9]
and the author [18] gave the inverse results in L p and C[O, 1]. H. Berens
and Y. Xu [3] gave the saturation and inverse theorems for a modified
form of these operators with Jacobi weights.

In the multidimensional case, the situation is somewhat more difficult.
M. M. Derriennic [6] defined the operator and discussed some of its
approximation properties. Recently, the author [19] solved the charac­
terization problem for uniform approximation. In this paper, we give the
Lp-inverse theorems on a simplex. Proofs will be given only for the two­
dimensional simplex, since the extension to more dimensions does not
involve additional difficulties.

The one-dimensional Bernstein-Durrmeyer operators are defined as

Mn(f,x)= i Pn,k(x)(n+l)rPn,k{t)!(t)dt, (1.1)
k~O 0

where !ELp[O, 1] (1 ~ p ~ (jJ), and Pn,k(X) = (Z)xk(l-xt- k.
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Now let S = {(x, y): x + y ~ 1, x, y ~ O} be the two-dimensional simplex.
For f E Lp(S), the two-dimensional Bernstein-Durrmeyer operators are
given by

Dn(f, x, y) = L Pn,k,m(X, y)(n + 2)(n + 1) If Pn,k,m(S, t) I(s, t) ds dt,
k+m';;n S

(1.2)

'where Pn,k,m(X, y)= GW;;/) x k
y rn(1-x- y)n-k-m.

We recall some notations.
Denote (8/8x)1 «8/8y)f) as the derivative of the function I with respect

to the first (second) variable,
Let

(1.3)

where for i = 1, 2, 3,

~i(f)P = 1IIIIp + tPOi(f)p + tPolII)p + tPolI2)p; (1.4)

II(x, y) = f( 1 - x - y, y), f2 (x, y) = f( x, 1 - x - y); (1.5)

tPO;(f)p = max {llx(::21) (x, y)11 '
Lp(x+ Y::::; Ci)

II ( 8

2

) IIy 8'2/ (x, y) ,
y Lp(X+Y<;;Ci)

II (xy)I/2 (8:~Y/) (x, y) tP(x+y,;;cJ; (L6)

For / E Lp(S), we define the K-functional

K(f, t)p = inf {Ilf - gil p+ ttPI( g )p}. (1.7)
gE W p

We use the symmetric difference A he f(v)=f(v+he/2)-f(v-he/2) and
A~J(v) = AhAAhJ)(v) for a vector v, hER, and a fixed unit vector e.
Denote e l = (1, 0), e2 = (0, 1).

In the following sections, we fix some constants ~ < a < c < b < ~.

2. RATE OF ApPROXIMATION IN THE OPTIMAL CASE

First we need some results for the one-dimensional Bernstein-Durrmeyer
operators in [9].
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In the one-dimensional case, the weighted Soholev space is defined as

w;= {fELp[O, IJ:f'EA.C.1oe , <If''ELp[O, IJ}, (2.1)

where <p(x) = (x(I-X))1 /2.
The K-functionals for f E Lp [0, 1J are given hy

K2,<p(f, t2)p = inf, {Ilf - gllp + t2 11<p2g"ll p },
gE wp

K2 (f, t2) = inf {Ilf - gil + t2 II <p2g"11 + t4 II g"ll }.
,<P p g'EA.C.l

oc
P P P

We have [10J

- 2) 2)K2,<p(f, t p~ K2,<p(f, t p

{f t 11 dx dh}l lP

~MOJ~2(f, t)p=M 0 0 ILI~<p(x)f(xW-t- ,

where M is a constant independent of f and t,

(2.2) ,

(2.3 )

(2.4 )

LI~f(x) = f(x +h) - 2f(x) + f(x-h),

LIU(x) = 0, otherwise.

if XE [h, I-hJ,

We need the modified Bernstein-Durrmeyer operators [4J

M;(f, x) = f Pn,k(x)(n +2)rPn+ 1,k(t) f(t) dt. (2.5)
k=O 0

For these operators, we have the following results similar to those in
[9,13].

LEMMA 2.1. For fELp[O, IJ and M;(f, x) defined by (2.5), we have a
constant A independent off and n such that

II Mn*f - fllp~AK2,<p(f, l/n)p

(

n-l/2 1 ) lip

~ AM n1/2 fa fa ILI~<p(x)f(xW dx dh ,

II Mn*f - flip ~ A(llfll p+ II <p2f"ll p)j(n + 1),

(2.6)

(2.7)

iffE W;.
In the weighted Soholev space Wp , we have three different norms

{tPi(' )p};= 1,2,3' However, they are equivalent, which can he seen from the
following lemma.



INVERSES FOR BERNSTEIN-DURRMEYER OPERATORS

LEMMA 2.2. For f E Wp , we have
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(2.8)

where C is a constant independent off

Proof This fact is trivial if we write out the expressions of the
derivatives explicitly:

(
;Y )x ax2fl (x, y)

=X(::2f) (l-x- y, y),

(Xy)I/2(a:~yfl) (x, y)

=(xy)I/2 ((::21) (l-x- y, y)- (a:~yf) (l-x- y, y)),

y (:;2fl) (x, y)

= y ((::2 f) (l-x- y, y) -2 (a:~yf) (l-x- y, y)

+ (:;2 f) (l-x- y, y)),

and hence

II
( a

2

) IIx -2f (x, y)
ax Lp(C2";X+Y";C3,X~I/3)

=(ff 1(1-y-Z)Z(aa
2
2f)(1- y -z,y)/z\P dYdz)I/

P

1 - C3"; z,,; 1/3 X
y + z,,; 2/3

( I ( a
2

) IP )1/P~ 12 ff Z -a2fl (z, y) dy dz
y + z,,; 2/3 X

By linear combinations of the above formulas with bounded coefficients,
we can obtain the other estimates similarly.

To estimate the rate of approximation, we also need the following trivial
result.

640/70/1-6
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LEMMA 2.3. There exists a constant M p depending only on {C;}~~l and
p E [1, (0), such that

Pn.k,m(x,y)~Mp(n+l)-P~3 for x+y~~

and (k+m)/n?;a, or for x+ y?;c and (k+m)/(n+ 1)~a. (2.9)

Now we can give the direct result in the optimal case.

THEOREM 2.4. For 1~ p < 00, f E Wp, we have

(2.10)

where M' is a constant independent of f and n.

Proof Note that

We only prove

We introduce a decomposition method for multidimensional Bernstein­
type operators.

First, let us assume f Ix + Y '" b = 0.
Define fs(t)=f(s, (l-s)t), for s, tE [0,1], we have

Dnf(x, y) - f(x, y)

= I Pn,k(x)(n + 2)rPn,k(S)
k~O 0

X C~: Pn_ k,m(y/(I-x))(n + 1)

x (-s {Pn- k,m(t/(1-s))(f(s, t)- f(s, (l-s)y/(l-X)))} dt) ds

n

+ L Pn,k(X)(n + 2)
k~O

x ( {Pn,k(S) C~: Pn- k,m(y/(I- x))(n + 1)

x (-s Pn- k,m(t/(I-s)) dt)

x (f(s, (1- s) y/(I- x)) - f(x, y))} ds
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= f. Pn,k(x)(n+2)r{Pn+ 1,k(S)(Mn- k(f" yj(l-x))
k~O 0

- fs(yj(l- X)))} ds + (M;(f(·, (1-.) yj(l- x)), x) - f(x, y))

:= 1+ J. (2.12)

In the following part, we estimate these two terms. To estimate I, we use
Holder's inequality and Fubini's Theorem, and obtain

11111 fp(x + Y ~ 2/3)

~ ffX+Y~2/3Cto Pn,k(x)(n +2)

x ( Pn+ 1,k(S) IMn-k(f" yj(1 - x)) - fs(yj(l- x))IP dS) dx dy

f2/3 { n

~ 0 k~O Pn,k(x)(l-x)(n+2)

X ( Pn+ 1,k(S) (( IMn-k(f" z) - fs(z)IP dZ) dS} dx.

From [9] or [13], we get

rIMn-k(f" z)- fs(zW dz
o

~ Cp ( Ilfsll ~ + Ilz(1 - z)f;'(z)11 ~)(n - k + 1) -P, (2.13)

where Cp is a constant independent of n, k, and fs.

Thus, we have

11111 fp(x +Y ~ 2/3)

x (( (If(s, (l-s)zW

+ \Z(I-Z)(I-S? (:;2 f) (s, (l-S)Z)\P) dZ) dS} dx
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x U;-S (1/(5, y)jP

+ IY(l-S- y) (:;21) (S, y)!P) dY ) (1-S)-1 ds dx

~Cp(n+2)rf P",k(s)(n-k+l)-P-l
o k=O

X U;-S (1/(s, y)IP+ (YO-S- y) (:;21) (S, y)(P) dY ) ds.

Now let us choose, following [8], an integer m> p + 1 dependent only
on p, for which

n

I P",k(s)(n!(n-k+ l»-m~m! (l-s)-m. (2.14)
k=O

Therefore by the assumption II s+y;" b = 0, we obtain

l( n )(P+l)/m
~Cp(n+2)f

o
k~O P",k(s)(n!(n-k+ l»-m n-p-l

x(-s (1/(s, y)jP + jY(1-s- y) (:;21) (s, y)r) dy ds

X (m!)(P+ IVm(1_ S) -p-l ds dy

~ Cp(n + 2) n-P-1(1 - b)-P-l(ml)(P+ ll/m

X If (1/(s, y)jP + Iy (a022I) (s, y)!P) ds dy
s+y~3~ I y

where the constant C~ is independent of I and n.
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To estimate J, we note that flx+y",3/4=O; we have from (2.7)

IIJII fp(x + y <;; 2/3)

i

2/3 i2/3
::'( dx IMn*(fL (1-· )z), x) - f(x, (1- x)z)iP dz

o 0

f
2/ 3

::'( (2A)P 0 dz

x {(n + 1)-P [( If(x, (1-x)z)IP dx

+y ( IX(1-X) (::2 f) (x, (1-X)Z)lp

+ !ZX(1-X) (a:~yf) (x, (1-X)Z)IP

+ IX(1-X)Z2 (:;2 f) (x, (1-X)Z)!P dxJ}
::'( (2A)p(n+ 1)-Prr- x

If(x, y)IP/(1-x) dy dx
o 0

+ (6A)p(n+ 1)-P ((-X {Ix (::2 f) (x, y)!P

+1(Xy)1/2(a:~yf) (x, y)IP

+! y (:;2 f) (x, y)IP}I(1- x) dy dx

We have now proved that for fE Wp and flx+Y"'b=O,

75

holds with a constant C; depending only on p.
For fE Wp , we now choose t/JECoo

, t/Jlx+y,,;;c= 1 and t/Jlx+Y"'b=O, and
define g = t/Jf and h = f - g. We now write

IIDnf - fll Lp(x+ y<;;2/3)

::'( IIDng - gIILp(x+y,,;;2/3) + IIDnhl1 Lp(X+Y";; 2/3)
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~ C;(II gllp + tP01(g )p)/n + II k+~,;;;n Pn,k,m(X, y)(n + 1)(n + 2)

x If Pn,k,m(S, t) Ih(s, t)1 ds dt II . (2.16)
s Lp(x+ y';;;2/3)

For the second term, we use Lemma 2.3, and obtain

II
I Pn,k,m(x,y)(n+2)(n+l)

(k + m)/n;' a

X If Pn,k,m(S, t) jh(s, t)1 ds dtll
s Lp(x+ y';;;2/3)

~ (Mpn-P -
3(n + 2)(n + 1)(1 + Iitfill 00))

X If I Pn,k,m(S, t) I/(s, t)1 ds dt
s k+m~n

~ 8Mp (1 + Iitfill 00) II/I/p/n.

We also have from Lemma 2.3 and the assumption (l-tfi)lx+y,;;;c=O

II
I Pn,k,m(x,y)(n+2)(n+l)

(k + m)/n < a

X II Pn,k,m(S, t) j (1 -tfi(s, t)) I(s, t)j ds dt II
S Lp(x + y '0/3)

~II I Pn,k,m(x,y)(n+2)(n+l)
(k + m)/n < a

X ffs+t;,c M pn-
P

-
3

1/(s, t)I ds dtLp(x+Y';;;2/3) (l + II tfi II dJ

~Mp(l + Iitfilloo) n-P -'3(n+2)(n + 1) /Ifl/p/n

~ 8Mp (l + Iitfill 00) Ilfll p/n.

For the first term, we need to estimate tP01(g)p in terms of
tP01(f)p+ Ilfllp- We estimate only IIx((02/ox2) g)(x, Y)II Lp(x+y,;;; 3/4)' since
the other two terms can be estimated in the same way.

From our condition on tfi, we know that

tfilx+y~b= 0 and



INVERSES FOR BERNSTEIN-DURRMEYER OPERATORS 77

Therefore we have

I
· az IIx-z g(x, y)
I ax Lp(x +y";; 3/4)

= II x (::zlfr ) (x, y) f(x, y) + 2x (a: lfr) (x, y) (:xf) (x, y)

+xlfr(x, y) (:zzf) (x, y)11
x Lp(x+y";;3/4 )

~ll:zz!frll Ilfllp+211: fll II: !frI'1 +11!frllootPOI(f)p.
x 00 X Lp(c";;x+y,,;;b) X 00

(2.17)

Now for any yE [c, b], we define a function

hiz)=f((3/4- y)z, y)

and write using [15]

Ilh~11 fp[O,I]

=(I (3/4- y) (:xf) ((3/4- y)z, y)jp dz

= J;/4-

Y

(3/4- yY-II(:x f ) (x, y)IP dx

~ M;( Ilhyll ~ + Ilz(1- z) h;(z)II~)

=M;{r
4

-

Y

If(x, y)IP(3/4- y)-I dx

+ I:14- Y

Ix(3/4 - x - y) (::zf) (x, y) IP (3/4 - y)-I dX}.

Hence

II :xfl[(c~X+Y";;b)
~ (3/4 - b)-P II (3/4 - y) (~f) (x, y) liP

ax I Lp(x+y";;3/4)

~ (3/4-b)-P (14{(/4-Y!(:x f ) (x, y)!P dx(3/4- YY} dy
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f
3/4

~ (3/4-b)-P 0 M;(3/4- y)

{f
3/4 - Y

X 0 If(x, y)IP (3/4-y)-1 dx

f
3

/

4

-

Y

I (° 2

) IP }+ 0 X OX2f (X, y) (3/4 - y)-l dx dy

~ (3/4 - b) -PM;( Ilfll ~ + (rPOI (f)p)P).

Therefore we obtain from (2.17)

II
X (:22 g) (x, y) II ~ M;(llfll p+ rPOI(f)P)

x Lp(x+ Y";; 3/4)

with a constant M p 1/ depending only on p.
We also have

Thus, combining all the above estimates with (2.16), we obtain

(2.18 )

IIDnf - fIILp(x+y";;2/3)

~ C;(IIl/J11 00 Ilfll p + M;(llfll p+ rP01(f)p))/n + 16Mp(1 + Ill/JII (0) Ilfll p / n,

which implies (2.11).
Our proof is complete.

3. LEMMAS

To prove our inverse results, we now give some lemmas.
On the two-dimensional simplex, the Bernstein operators are given by

Bn(f, x, y) = I f(k/n, min) Pn,k,m(X, y). (3.1)
k+m~n

Z. Ditzian obtained the following moments of Bn(f, x, y) in [7].

LEMMA 3.1. For Bn(f(s, t), x, y) given by (3.1), we have

Bn(s, x, y) = x;

Bn(S2, x, y)=x2+x(1-x)/n;

Bn(st, x, y) = (l-l/n) xy;

Bn((l-s- t?, x, y) = (l-x- y)2+ (x+ y)(l-x- y)/n.

(3.2)
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Similar expressions can be given for the second variable.

Let

In,k,m(x, y) = x- 1(1- x - y) -1Pn,k,m(X, y )(k(k - 1)(1 - x _ y)2

- 2k(n -k -m) x(1-x- y) + (n -k - m)(n -k-m -1)x2),

(3.3 )

where the first( third) term vanishes if k = 0 (k + m = n), and

In,k,m(X, y)= (xy)-1/2(1_x_ y)-IPn,k,m(X,y)(km(1-x- y)2

- (ky+mx)(n-k-m)(1-x- y)

+(n-k-m)(n-k-m-1)xy), (3.4)

for k+m::::;n.
For the above formulas, we have

LEMMA 3.2. For x + y ::::;~, there hold

L 11n,k,m(x, y)1 ::::;Sn
k+m~ll

and

L IJn,k,m(X, y)1 ::::; Sn.
k+m~n

Proof From Lemma 3.1, we have

k+m~n

k+m~n

(3.5)

(3.6)

- 2k(n - k - m)n-2x(1- x - y) + (n - k - m)2n -2x 2

+ k(1- x - yfln2+ (n -k -m)x2jn2)}

= n2x- 1(1_ x- y)-lBn(S2(1- x- y)2 - 2s(1- s- t) x(l- x- y)

+ (1 - s - t)2X2+ (s(1- X - y)2 + (1- s - t)x2)ln, x, y)

=n2x- 1(1-x- y)-lBn({(s-x)(l-x- y)+x((l-x- y)

- (1 - s - t)) } 2 + s(1 - x - y fin + (1 - s - t) x 2In, x, y)

::::;n2x- 1(l-x- y)-1(2(1-x- y)2x (1-x)jn+2x2(x+ y)

x (l - x - y)/n + x(1 - x - y)( 1- y )/n)

::::; 5n.
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Ikm(l-x- y)2_ (ky+mx)(n-k-m)(I-x- y) + (n-k-mf xyl

= l(k(l- x - y) - (n - k-m)x)1 l(m(l-x - y) - (n - k -m)y)l.

(3.7)

We have, using Holder's inequality and Lemma 3.1,

k+m~n

~ (xy)-1/2(1-x- y)-1 { L (n-k-m) xyPn,k,m(X, y)
k+m~n

+ L [(Pn,k,m(X,y))1/2Ik (1-x-y)-(n-k-m)xl
k+m~n

X (Pn,k,m(X, y))I/2 Im(l- x - y) - (n - k - m) YI]}

~ n2(xy) -1/2(1_ x - y )-1 {xy(1 - x - y)/n + (Bn(((s - x)

x (1- x - y) + x( (1 - x - y) - (1 - s - t)))2, x, y) )1/2

X (Bn(((t - y)(I-x - y) + y((1- x- y) - (1-s - t))f, x, y))1/2}

~5n.

The proof is complete.

LEMMA 3.3. For In,k,m(x, y) and In,k,m(X, y) given by (3.3) and (3.4),
there hold

It IIn,k,m(X, y)1 dx dy ~ 21n

and

If IJn,k,m(X, y)1 dx dy ~ 21n.
s

Proof Denote Pn,k,m(X, y) = 0, if (kin, min) ¢; S.
By the equality

(3.8)

(3.9)
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we have

HIIn,k,m(x, y)1 dxdy
s

~Jt Pn,k,m(X, y)(e(l-x-y)/x-2k(n-k-m)

+ (n -k -m)2x j(1- x - y) +k(l- x- y)jx

+ (n-k-m)xj(l-x- y)) dx dy

= If (Pn,k~l,m(X, y)(n-k-m+ l)(k+ 1)-2k(n-k-m)
s

X Pn,k,m(X, y) + Pn,k+ l,m(X, y)(k + l)(n - k - m + 1)) dx dy

=2(n-rn+ 1)(n+2)-I(n+ 1)-1

~2jn,

In the same way, by (3.7) and Holder's inequality, we have

JJ \In,k,m(X, y)j dx dy
s

~Jf (xy)-1/2(1-x- y)-IPn,k,m(X, y){(n-k-m)xy
s

+ Ik(l-x- y)-(n-k-m)xllm(l-x- y)-(n-k-m)yl} dxdy

~ (If (n - k - m)xPn,k,m(X, y)/(l- x - y) dx dy )I/2
\ S

x (It (n - k - m) yPn,k,m(X, y)/(l- x - y) dx dyY/2

+(It Pn,k,m(X, y)(k(l-x- y)

)

1/2
- (n-k-rn)x)2x -l(1-x- y)-1 dx dy

x (It Pn,k,m(X, Y)(m(l- x - y)

_ (n -k- m)y)2y -l(l- X- y)~1 dx dyY/2
~ «k + 1)(n + 2)-I(n + 1) -1(m + 1)(n + 2) -1(n + 1)-1 )1/2

+ «n - m)(n + 2)-I(n + l)-l(n - k)(n + 2)-I(n + 1)-1 )1/2

~2jn.
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The proof is complete.

Now let us give the derivatives of the operators. Let

Fn,k,m = (n + 2)(n + 1)It Pn, k. m(S' t) f(s, t) ds dt. (3.10)

LEMMA 3.4. For Dn(f, x) given in (1.2), we have

(::2 Dnf) (x, y)

n n-k

=x-1(l-x-y)-1 L L In,k,m(x,y)Fn,k.m
k=O m=O

(3.11)

n n-k

=n(n-1) L L Pn-2,k~2.m(X, y)(Fn,k,m- 2Fn,k-l,m + Fn,k-2,m);
k=2 m=O

(3.12)

n n-k

= (xy)-1/2(1_x_ y)-l L L In,k,m(X, y) Fn,k,m
k=O m=O

n n-k

=n(n-1) L L Pn- 2,k-l,m-l(X, y)
k=l m=l

x (Fn,k,m - Fn,k-l,m - Fn,k,m-l + Fn,k-l,m- d.

(3.13 )

(3.14)

Since the proof of this lemma is the same as that in [7], we omit it here.
We can now give the Bernstein-type inequality as follows.

LEMMA 3.5. For 1::::; p < 00, f E Lp(S), we have

(3.15)

Proof It is sufficient to estimate rPol(Dnf)p-
For 1 < p< 00, let q= pj(p-1); then we have from the above lemmas

II ( iP ) liPX -2 Dnf (x, y)
Ox L p(x+y,,;3/4)

( )

P/q

::::;4
P

IL+Y";3/4 k+~,,;n IIn,k,m(x, y)1

x ( I IIn,k,m(X, y)1 IFn,k,ml p) dx dy
k+m:'!f;n
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~ 4P( 5n )p/q L
k+m~n

x If II~,k,m(X, y)1 dx dy(n + 2Y(n + 1)P
x + y"; 3/4

( )

P/q
X ftPn,k,m(S,t)dsdt

X (It Pn,k,m(S, t) If(s, t)jP ds dt)

~4P(5ny-l(2jn)(n+2)(n+1)

X It C+~,,;n Pn,k,m(S, t) If(s, t)jP) ds dt

~ (80Yn P Ilfll~;

II
(xy)1/2 (8 i)2

8
Dnf) (x, y) II p

x y Lp(x + y"; 3/4)

~4P If (L IJn,k,m(X, y)I)P/q
x+y,,;3/4 k+m";n

X ( L IJn,k,m(X, y)1 [Fn,k,ml p) dx dy
k+m~n

~4P(5n)p/q L If IJn,k,m(X, y)1 dxdy(n+2)(n+ 1)
k + m ,,; n x + y"; 3/4

X If Pn,k,m(S, t) If(s, t)jP ds dt
s

~ (80)pn P Ilfll~.
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For p = 1, the proof is easier, since we need only use Lemma 3.3 and 3.4,
and hence we omit it here.

The estimate of Ily((8 2j8y2) Dnf)(x, y)11 Lp(x +y"; 3/4) can be given in the
same way, and our proof of the Bernstein-type inequality is complete.

LEMMA 3.6. For 1~p<(jJ, Dn(f,x,y) given in (1.2) and fEWp, we
have

where L is a constant independent off and n.

(3.16)
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Proof By Lemma 2.2, we need only prove

with a constant L independent of f and n.
Following the fact that

we need only prove

First let us assume f Ix + Y '" b = O. We note that

Pn,k,m(X, y)-Pn,k-l,m(X, y)

= -(:xPn+1.k,m) (x, y)j(n+ 1),

and

for k?J; 1,

(3.17)

Pn,k,m(X, y)-2Pn,k-l,m(X, y)+Pn,k-Z,m(X, y)

= ((n + 2)(n + 1))-1 (::z Pn+Z,k,m) (x, y), for k?J;2, (3.18)

and use (3.12) and Holder's inequality to write for 1< P < 00

II x (::z Dnf) (x, y)11 fp(x+ y~Z/3)

=If jn(n-l) I XPn-z,k-Z,m(X, y)(n + 2)(n + 1)
x+y~Z/3 k",Z

x If (f(s, t)(Pn,k,m(S, t)-2Pn,k_l,m(S, t)
s

+Pn,k-Z,m(S, t)))dSdtIP dxdy

= If In I (k-l)Pn_ 1,k_l,m(X,y)
x+y~ Z/3 k", Z

x ftf(s, t) (:s: Pn+z,k,m) (s, t) ds dtlP dx dy
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= If In L (k-l) Pn-1,k-l,m(X, y)
x + y ,;;; 2/3 k?> 2

a
2

IPxIt Pn+ 2,k,m(S, t) as2/(S, t) ds dt dx dy

=ff In L (k-1)Pn_ 1,k_l,m(X,y)(n+2)/k
x + Y ,;;; 2/3 k ?> 2
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:::;;nP(n + 2)p H {L Pn-1,k-l,m(X, y)((n+2)(n+3))-(P-l)
x + Y ,;;; 2/3 k ?> 2

xIt Pn+ 1,k-l,m(S, t) Is (:S22 1) (s, t) IP ds dt} dx dy

:::;;n(n+2)(n(n+1))-lIL !S(:S22/)(S,t)jP dsdt

(3.19)

Now for any 1E Wp , we choose the same function !/J as in the proof of
Theorem 2.4. Then we have by (2.18) and (3.19)

II
x (:22 Dn(!/Jf)) (x, y) II :::;; 2rP01(!/Jf)P

x Lp(x + Y ,;;; 2/3)

:::;; 2M;(IIfll p+ rPOl (f)p),

where M; is a constant independent of 1 and n.
Let F~,k,m = (n + 2)(n + 1) SfS Pn,k.m(S, t)(1 -!/J(s, t)) I(s, t) ds dt.
Using Lemma 2.3 and (3.12), we also have

II
x (:22 (Dn(f -!/Jf))) (x, y) II P

X L p(x+y,;;;2/3)

=If In L Pn-1,k-l.m(X, y)(k-l)
x +Y ,;;; 2/3 k?> 2
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X (IF~,k,ml +2IF~,k_l,ml + IF~,k-2.ml)

+n2 I Pn _ 1,k_l,m(X,y)(n+2)(n+l)
(k+m -1)/(n-1) < a

k;e,2

x If If(s, t)1 11-ljJ(s, t)1 (Pn,k,m(S, t)
s+t~c

+ 2P",k_l,m(S, t) + Pn,k-2,m(S, t» ds dtrdx dy

:( ff
x

+ y<;;2/3 {Mpn -P-l(n + 2)(n + 1)(1 + IlljJlla:,) It If(s, t)/ ds dt

+4Mpn-P
-

3n2(n + 2)(n + 1)(1 + II t/J II 00> It If(s, t)/ ds dtrdx dy

~ (64Mp(1 + Iit/Jiloo) IlfllpY.

Therefore we have proved for f E Wp , 1 < p < 00,

The case p = 1 is easier to prove with the same method, and we omit it.
In the same way, by Lemma 3,4 we can write

and

The proof is now complete.

4. MAIN RESULTS

Using all the above lemmas, we can now state and prove our inverse
theorems. Here the decomposition method which the author introduced
previously [20] is crucial.
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THEOREM 1. For 1:( P < 00, f E Lp(S), and 0 < IX < 1, the following
statements are equivalent:

(1) IIDnf-fllp=O(n- a); (4.1)

(2) K(f, t)p = O(ta); (4.2)

(3)(i) IILI~pe,f(x, y)11 Lp(x+y<:;b.x;;'h2):( Mh 2a; (4.3)

IILI;yYe2 f(x, y) II Lp(x + y <:; b. y;;' (2):( Mt
2a

;

II LI h pel LI /yYez f(x, y) II Lp(x + y <:; b, x;;' h2/4, y;;' /2/4) :( M taha, (4.4 )

where M is a constant independent of h, t> o.
(ii) Condition (3)(i) is validfor fl(X, y)=f(l-x- y, y);

(iii) Condition (3)(i) is valid for f2(X, y)=f(x, 1-x- y).

Proof The equivalence of (1) and (2) follows from Theorem 2.4,
Lemmas 3.5 and 3.6, and a result of A. Grundmann [12].

Now suppose (2) holds, i.e., K(f, t)p:( Mta.
Note that for x ~ h2

,

1 d(x±hfi) hX- 1/ 2 3
-:( = 1+--:(-
2 dx - 2 2'

We have for any gE Wp , h<~-b<L

IILI~peJ(x, y)II L p(x+y<:;b,x;;,h2)

:( Ilf - gllp + Ilf(x + h fi, y) - g(x + h fi, y)11 Lp(E)

+ Ilf(x - h fi, y) - g(x - h fi, y )11 Lp(E) + IILI~ P€J g(x, y)11 Lp(E)

:( 5 Ilf - gllp + 11H~:/2 {x (::2 g) (x + (u + v) fi, y)} du dv L(E)
Here the domain E= {(x, y):x+ y:(b,x~h2}.

We now use a fact in [1]:

"fh/2J « y + s + t)( 1 - y - s - t)) -1 ds dt:( 6h2( y( 1 _ y)) -1,
-h/2

for 0 < h < !, y ~ h.
Note that

X
1
/
2
/(X

1
/
2 + U + v) :( 1+ h/(h + u + v),

for x ~ h2
, U, V E (-h/2, h/2).

640/70/1-7

(4.5)

(4.6)
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We have by Holder's inequality for 1 < p < 00

fL+Y~b'nhzl ff~:/2 {x (00:2 g) (x + (u +V)X
1
/
2
, y)} du dv IP dx dy

ff
h/2

X X(X+(U+V)X 1/2)-1
-h/2

XI(x + (U + v) X1/2) (::2 g) (X+ (U+ V)X 1/2, y)IP du dV} dx dy

ff
h/2

~ (6h 2j(1- b1/2)y-l (1 + hj(h + u + v)) du dv
-h/2

XfL+Y~b' x;;'hzl (x + (u +V)X
1
/
2
) (::2 g) (x + (U +v) X

1
/
2
, y)rdx dy

~ (60h2y- 12(tP01(g)p)p(h2+ 9h2)

~ (60h2tPOl (g )py,

The estimate for p = 1 can be given in a similar way,
Thus we obtain

11L1~fieJ(x, Y)IILp(x+y~b,x;;'hZ)

~60 inf {llf-gllp+h2tPl(g)p}~60Mh2",
gE Wp

Other conditions in (3) can be obtained similarly, and hence we have
shown that (2) implies (3),

Now suppose (3) holds; we want to prove (1). It is sufficient to prove
IIDnf-fIILp(X+Y~2/3)=O(n-"). From the proof of Theorem 2.4, we can
assume flx+ y;;'a = O.

We also have the decomposition formula

Dnf-f=/+J,

as in (2.12). So we estimate these two terms, respectively.
From [9] and (2.4), we have for s E (0, 1), 0 ~ k ~ n,

IIMn-dfs) - lsi Ifp[O,I]

I
(n-k+ 1)-1/2 II

~Mp(n-k+1)1/2 1L1~q>(z)fs(zWdzdh, (4.7)
o 0

where the constant Mp is independent of k, n, and s.
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For S E (0, aJ, y E (0, b(l- s)] and, h ~ b - a, we have

0< y1/2/4 ~ cp(y/(I- s))/2 ~ y1/2;

therefore Lemma 2.2.1 of [10J yields

(n~k+ 1)-1/2 1I I ILI~'P(z)ls(zW dz dh
o 0

I
(n~k+ 1)-1/2 b(l ~s)

~ I ILI~h'P(YI(l~S))/2eJ(S, yW dy dh/(I-s)
o 0

(n-k+1)-1/2 b(l-s)

~4 I f 1L1~hv'YeJ(s, y)IP dy dh/(l-s).
o 0

89

Thus, we have, from the above estimate and the assumption II x + y '" a = 0,

11111 fp(x+ y,,;: 2/3)

f2/ 3 { n

~ 0 k~oPn,k(X)(1-x)(n+2)

X ( Pn+ l,k(S) IIMn~k(fs) - Isil fp[O,l] dS} dx

~r/3{ I Pn,k(x)(I-x)(n+2)fpn+l,k(s)Mp(n-k+l)1/242
o 0 ,,;:kln";: b 0

f
(n-k+ 1)-1/2 fb(l ~s) }

X 0 0 ILI~h v'YeJ(S, y)IP dy dh ds dx

+ f/3 { I Pn,k(X)(1- x)(n + 2) f Pn+l,k(S) 2P Il/sil ~ dS} dx
o kin> b 0

~ f /3 { L Pn,k(X)(1- x)(n + 2) f Pn+l,k(S) Mp
o 0";: kin,,;: b 0

( I(nI4)-1/2 fb(l- s) ) }

X (2nb)1/242
0 0 ILI~hv'YeJ(s,YWdydh ds dx

12/3 {+ I Pn,k(x)(I- x)(n + 2)
o kin> b

X ( Pn+l,k(S) 2P
( I/(s, (l-s)zW dz dS} dx
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(n/4)-1/2

~(n+2)(n+1)-lMp(2nb)1/242fa dh

x If 1L1~hv'YeJ(S, y)IP ds dy + M;n-p-1(n + 2) 2P4 I1III ~
s+y~b

where the constant M; is independent of n. Here, we have used the fact
that for o~x~~, kfn>b,

holds with M; a constant independent of n, k and x.
For the second term J, we have from (2.6)

IIJII fp(x+ y ~ 2/3)

1
2/3 2/3

~ a dz fa IMn*(f( " (1-. )z), x) - I(x, (1- x)z)IP dx

(4.8)

2/3 { n-
I/2 1

~fa dz (AM)pn l
/
2 fa dh fa 1L1~h<p(x)eJ(x, (1-x-hcp(x)z)

+ L1~<p(x)zeJ(x - hcp(x), (1- x)z)

+ 2L1 +h<p(X)ze2 L1- h<p(x) ed (x - hcp(x)/2, (1- x - hcp(x)/2)z)IP dX}.

(4.9)

By the assumption Ilx+ y;3 a = 0, we have for n> (c - a)-2

2/3 n- I/2 1I dz n1
/
2 I dh I 1L1~h<p(x)eJ(x, (1-x-hcp(x)z)IP dx

a a a

n- I/ 2 C 2/3
~nl/2 L dh Ldx L 1L1~h<P(x)eJ(x, (l-x-hcp(x)z)IP dz

I
n -

1
/
2 Ie J(1-X-h<P(X»2/3

~4nl/2 a dh a dx a 1L1~h<p(x)eJ(x,y)IPdy

~ 4n
1

/
2 r- 1

!2 dh IC

dy IC

-

Y

1L1~h<p(x)eJ(x, y)IP dx.
a a a

Note that for XE [0, c- y],

x 1/2/2 ~ cp(x) ~ X 1/2.
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We obtain from Lemma 2.2.1 of [10J

2(3 n- 1/2 1t dzn 1(2 t dh t ILI~h'P(x)eJ(x,(1-x-h<p(x))zWdx

The other two terms in (4.9) can be estimated in a similar way.
Therefore,

and the proof of Theorem 1 is complete.
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Remark. Another way of proving Theorem 1 is to give an interpolation
theorem which is similar to that in [1OJ.

The inverse theorem for m-dimensional Bernstein-Durrmeyer operators
on the simplex is given in the following.

ith

For mEN, let S= {(Xi) E Rm
: L;"~l Xi::;;:; 1, Xi~O}, ei = (0, ..., 0,1,0, ..., 0),

x=(x1, ...,xm), k=(k1, ...,km), and

The m-dimensional Bernstein-Durrmeyer operators are given by

Dn(f, x) = L Pn,k(x)(n +m)! (n!)-l I Pn,k(y)f(y) dy. (4.10)
ki~~~ki~n S

THEOREM 2. For 1::;;:; p < 00, f E Lp(S), °< IX < 1, the following
statements are equivalent:

(1) IIDnf-fllp=O(n-~);

(2)(i) Forl::;;:;i,j::;;:;m

IILI ~ vIx,ef(x )11 LpCL,7'~ I XI';; 1- (2m)-I,x,?o h2) = O(h2~);

II LI hvIx' e, LI 1 vlxjejf(x) II LpCL,7'~ I XI';; 1 - (2m)-1,x,?o h2(4, Xj?o 12(4) = O(h~t~);
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(ii) For 1~j~ m, (2)(i) is validfor jj which is defined by

jj(x) =f(x-xjej + (1- l~l Xl) ej).

Thus for multidimensional Bernstein-Durrmeyer operators, we have
solved the characterization problem in the non-optimal cases in L p

(1 ~ p < CX) and C(S). The saturation conditions, however, still remain
open.
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