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1. INTRODUCTION

Bernstein-Durrmeyer polynomial operators were introduced by J. L.
Durrmeyer [11] for feL,[0,1]. These operators were brought to
the attention of the mathematical community through a paper of
M. M. Derriennic [5] in 1981. M. Heilmann [13] considered the satura-
tion of these operators in L, (1< p< o). Z. Ditzian and K. G. Ivanov [9]
and the author [18] gave the inverse results in L, and C[0, 1]. H. Berens
and Y. Xu [3] gave the saturation and inverse theorems for a modified
form of these operators with Jacobi weights.

In the multidimensional case, the situation is somewhat more difficult.
M. M. Derriennic [6] defined the operator and discussed some of its
approximation properties. Recently, the author [19] solved the charac-
terization problem for uniform approximation. In this paper, we give the
L,-inverse theorems on a simplex. Proofs will be given only for the two-
dimensional simplex, since the extension to more dimensions does not
involve additional difficulties.

The one-dimensional Bernstein—Durrmeyer operators are defined as

M(fix)= Y Post)nt 1) [ Poslt) S0 (11)
k=0 o

where feL,[0,1] (1<p< o), and P, ,(x)=(})x*(1—x)"*
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Now let S={(x, y): x+ p<1, x, y=>0} be the two-dimensional simplex.
For feL,(S), the two-dimensional Bernstein-Durrmeyer operators are
given by

D% 2)= T Puinle )t 20n+ 1) [[ Pl 1 fls, 1) ds

k+m=<n
(1.2)

‘where P, ,(x, y)= (("55) xty"(1 —x— y)'F

We recall some notations.

Denote (8/dx) f ((8/0y) f) as the derivative of the function f with respect
to the first (second) variable.

Let

{feL,m L feAcloc,¢(f)<oo; (13)

where fori=1,2, 3,

S ) =My + b0l ), + Bl 1), + B0l f2),3 (1.4)
Sl )= f0=x—y,»),  folx, y)=flx L —x—y) (1.5}

o), =max | ( 7))

3
Lp(x +y<c)

7)) ,
“ (52 Lix+y<cy
)
12 X, ; 1.6
tl(y) (57(6}’ (7) L,,(x+y$c,-)} (1.6)
€1=%, CZZ:%’ C3=%.

For fe L,(S), we define the K-functional
K(f0,= ing/ {ILf~gl, +14.(8),} (1.7)

We use the symmetric difference 4, f(v) = f(v + he/2) — f(v — he/2) and
A2 f(0) =4, (4, f)v) for a vector v, he R, and a fixed unit vector e.
Denote ¢, = (1,0), e, = (0, 1).

In the following sections, we fix some constants 3<a<c<b<3.

2. RATE OF APPROXIMATION IN THE OPTIMAL CASE

First we need some results for the one-dimensional Bernstein-Durrmeyer
operators in [9].
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In the one-dimensional case, the weighted Sobolev space is defined as
W,={feL,[0,1]: f'€ ACo, ¢*f" € L,[0,1]}, (2.1)

where ¢(x) = (x(1— x))"~
The K-functionals for f'e L,[0, 1] are given by

Ko/, t2),;=giénpr;’{Hf—gll,ﬂrt2 lo’g"l,}, (22)-

Roolh @)= inf (I~ gl,+ 21071, 1g"1,}. (23)
We have [10]

K o(f, )~ Ky o f 1),

<mor 0, =m [ [ 1 s EL e

where M is a constant independent of f and 1,

Az f(x)y=f(x+h)=2f(x)+ f(x—h), if xel[h 1—h],
47 f(x)=0, otherwise.

We need the modified Bernstein-Durrmeyer operators [4]

MALN)= 3 P42 [ Pl Sy 25)
k=0

For these operators, we have the following results similar to those in
[9,13].

Lemma 2.1. For feL,[0,1] and M} (f, x) defined by (2.5), we have a
constant A independent of f and n such that

IME — fl, < AK, ,(f, 1/n),
n=12 .1 1/p
12 2 p
<AM<n jo fo |42, ()] ” dx dh) . (26)
1M —fll, < AULS N, + 193 "1,/ (n + 1), 2.7)
if feWw,.

In the weighted Sobolev space W,, we have three different norms

{#:(-),}:=1.2,5- However, they are equivalent, which can be seen from the
following lemma.
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LEMMA 22. For feW,, we have

$3(f), < Chs(f),, (2.8)

where C is a constant independent of f.

Proof. This fact is trivial if we write out the expressions of the
derivatives explicitly:

(Lh)

62
:x<5 2f) (1—x—y, _)/'),
X

2

]
1/2
(xy) < ox 3y

=™ (S ) a=x-n (1) =52 0),
(s )x)
(&) t=x=r.0-2(5257) 1 -5

+<ng> (1—x—», y)>,

7))

and hence

(e

Lp(02<x+y<c3,x2 1/3)

82 P 1/p
-(1 (-y=2z(527) 1-y=z i) D)
1-c3<5z<1/3 X
y+z<2/3
52 P i/p
<12<ﬂy+z<m z(a—;fl)(z,y) dydz)
<1260/

By linear combinations of the above formulas with bounded coefficients,
we can obtain the other estimates similarly.

To estimate the rate of approximation, we also need the following trivial
result.

640/70/1-6
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LEMMA 2.3. There exists a constant M, depending only on {c;};_, and
pe[l, o), such that

PoinX »)SM,(n+1)77"3 for x+y<3%
and (k+m)nza, or for x+ y=zcand (k+m)/(n+1)<a  (29)

Now we can give the direct result in the optimal case.

THEOREM 2.4. For 1< p< oo, fe W,, we have
1D, f=fll, <M'¢,(f),/n, (2.10)
where M' is a constant independent of | and n.
Proof. Note that
D, f(x, y)=D, /i1 —=x—, y).
We only prove
1Dnf = FllLye vy <2< M'ULfNl + $oi (), )/ (2.11)

We introduce a decomposition method for multidimensional Bernstein-
type operators.

First, let us assume f],, ,.,=0.

Define f,(t)=f(s, (1 —s)t), for s, t€ [0, 1], we have

an(xa y)—f(xa J’)

= 3 P +2) [ Pouls)

k=

0

x(mz= kY1 =)+ 1)

<[ Pa =005, )= 5, (=) 311 =)} )
+ kgo P, (x)(n+2)

<[ {Pasts) (mzk Pu /(L= 3))n+ 1)

<[ Pasntil1 =5 )

X (f(s, (1 =) y/(1 = x)) = f(x, y))} ds
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= T P +2) | (P WM f /(0 =)

= £/ =x))} ds+ (MF(f(, (1 =) y/(1 —x)), x)— f(x, y))
=T+ (2.12)

In the following part, we estimate these two terms. To estimate I, we use
Holder’s inequality and Fubini’s Theorem, and obtain

HI“ Za(x—}—y <2/3)

< J{LN , (éo P, (x)(n+2)

x| Pl 1M, 2/ =) = £/ = )17 ds) dx dy

<[3 Pt -nme2)

k=0

<[ Press) ([ 1M st ) =101 ) s .
From [97] or [13], we get
[ Mo fn)- £ e

<G5+ Izt =2) [ ) —k+ 1) 7%, (2.13)

where C, is a constant independent of », k, and f,.

Thus, we have

I Z, vy <213

Sfoz/a { i P, (x)(n+2) j‘ Poii)Cn—k+1)7?

k=0 0

([ (s =7

+1z(1=2)(1 =5)? ((%Ef> (s, (1 —5)z2)

e
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23 1
<G L L Pn,k(x)(n+2>f0 P ia(s)n—k+1)"
=0

<([, (17 v

2

+’y(1~s—y>(‘3

5)‘)51’) (s, )

r
)dy) (1—s) tdsdx

<Cy(n+2) fl S P, uls)n—k+ 1)~

0 k=0

([ (17 i av)as

Now let us choose, following [8], an integer m > p + 1 dependent only
on p, for which ‘

52
(1 —s— ) (;3;f) (s 7)

ﬁ Po(s)nf(n—k+ 1) " <mi (1—s)™™ (2.14)

k=0

Therefore by the assumption f|,, ,.,=0, we obtain

11 Lo+ <23

n (p+1)m
éCP(n—l-Z)j < Y PlsYn/(n—k+ 1))“'") n et
k=0

4]
& g
y(l—s—y) (5—3f> (s, ¥) )dy ds
y

)

<[ (s

<C,(n+2)n7"1

XJ: JOIA (lf(s, N+ (%5]") (s, »)

x (ml)e+Vim(y oy tdsdy

<C(n+2)n P (1 —b) >~ (ml)p+10m

&2 )
fo <3/“(lf(s, I+ y(ﬁf) (s, y)* )dsdy
<SCn (11, + bo1(S),)s

where the constant C), is independent of f and n.
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To estimate J, we note that f|,., .5, =0; we have from (2.7)

TN Z e+ <23)

2/3 2/3
< jo dx jo IME(f (s (1= -)z2), %)= f(x, (1 — x)2)|” dz

2/3
< (2A)PJ dz
0

x{(n+ 1) U o, (1= x)2)]? dx

~1—3”L1 x(l—x)(%f) (x, 1—x)z)|*
+ zx(l—x)(ajzayf> (x, (1 —x})z) ’

2

0
+ | x(1 —x)z? <é;5f> (x, (1 —x)z)

ool

<@aye+ )™ [ [ 71700 )17/~ x) dy dx

1
0 90
62
x(a 2 )(xﬁy)
ox

P

¥4

+(64)P(n+1)" Joi JOIX{

2

NI

) )

0* »
+|y<a—y2f> {x, y)} }/(1——x)dydx
<AQAY(n+ )77 IF12 41206470+ 1) 7(dos(f),)".

We have now proved that for fe W, and f],, ,.,=0,
Han—f||L,,(x+y<2/3)< CoUlfI, + @0 (),)/n, (2.15}

holds with a constant C, depending only on p.
For fe W,, we now choose y e C=, Y|, ... =1 and ¥|,,,,,=0, and
define g=yf and h= f — g. We now write

1D f =l iyes v <23

SID, 8~ 8l y<2m) T 1Dnbll Lyt <23y



76 DING-XUAN ZHOU

Y Ppm(x y)(n+1)(n+2)

k+m<n

X [ Pronls, 1) Vs, 1) ds d
R

<Gl gll,+ doi(g)p)/n+

(2.16)

Lplx+y<2/3)

For the second term, we use Lemma 2.3, and obtain

Z Pn,k,m(x, J’)(”+2)(n+1)

(k+m)nza

x HS Prin(s, ) h(s, 1) ds dr

Ly(x+y<2/3)

S(M,n P73 (n+2)(n+ 1)1+ Y .,))

([T Pusnls ) 1f(s, 1) ds d

Sk+msn

<S8M,(1+ W) 1111 p/m.

We also have from Lemma 2.3 and the assumption (1 —y)i,,,<.=0

Z Pn,k,m(-x’ y)(n+2)(n+ 1)

(k+m)n<a

X [ Prols, 0 1(1 =G5, 1)) f(s, 1)] ds
h

Ly(x +y<2/3)

<

Z Pn,k,m(xa y)(” + 2)(” + 1)

(k+m)n<a

[ M=/ o) ds (L+ [¥]1.)

Ly(x+y<2/3)

SM,(1+Ylo)n™? 2 (n+2)(n+ 1) | fll,/n

<BM(1+¥l.0) [£1,/n

For the first term, we need to estimate ¢q(g), in terms of
Poi(f), +11f1,- We estimate only I12((8%/8x%) g)(x, ) Ly(x +y <3/4)> since
the other two terms can be estimated in the same way.

From our condition on i, we know that

0
l//]x+y>b=0 and 5;‘//‘)(+y<c=0‘
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Therefore we have

2

| 0
x(—?;c—zg(x, »)

Ly(x +¥ <3/4)

-l (Zev) s+ 2 (Z0) o (L1

Ly{x+y<3/4)

2
+xb ) (51) t52)

0

2l

+ Hy’/”oo¢01(f)p

a !
=0
(2.17)

52
<{ a 2‘//
X Lle<x+y<b)

Now for any ye[c, b], we define a function

hy(z)=f((3/4—y)z, y)

and write using [15]

M50 2 010
J‘l
B ¢

="

P dz

0
(4 (57 ) (@412 0

i p
(57) tx2)
<M1+ 200~ 2) BIE)

[ e - as

3/4—y
+)
0

dx

p(3/4—y)f1dx}.

s-x-)(25) = 2

Hence

p

0

ox

Ly(csx+ y<b)

P

<G/A—b)

Lp(x+y <3/4)

(£/)

6= (5/) 50

<(3/4—b)=? L”“ {J:/““y

dx(3/4 — y)P} dy
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3/4
<GBA=b) 7 [ M3/ )
34—y
A e G )

34—y o? P
[ 5 (G ) | G- ad
<3/4=0)""M (1 /154 (dor()p)7)-
Therefore we obtain from (2.17)
52
[x(ze) e

with a constant M,” depending only on p.
We also have

<M, + b0 (S)p)

Lp(x+ y <3/4)

P (), <M (1SNl + Bor(f),p). (2.18)

Thus, combining all the above estimates with (2.16), we obtain

1D0f =l 1yes <o
S CIW N 171, + MEAF T+ bor () + 16M, (L + L) £ 1/,

which implies (2.11).
Our proof is complete.

3. LEMMAS

To prove our inverse results, we now give some lemmas.
On the two-dimensional simplex, the Bernstein operators are given by

Bn(j; X, J/) = Z f(k/na m/n) Pn,k,m(x’ J’) (31)

k+m<n

Z. Ditzian obtained the following moments of B,(f, x, y) in [7].

LemMa 3.1. For B,(f(s, t), x, y) given by (3.1), we have
B, (s, x, y)=x;
B,(s% x, y) =x>+ x(1 — x)/n;
B,(st, x, y)=(1—1/n) xy;
B(1—s—1)% x, y)=(1—x—p)’+(x+y)(1 —x— p)/n.

(3.2)
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Similar expressions can be given for the second variable.

Let

Ly, ) =X 1= x = ¥) 7 Py o (X, p)(k(k —1)(1 = x— y)?
—2k(n—k-m)x(1—x— )+ n—k—m)n—k—m—1)x?),

(3.3)
where the first(third) term vanishes if k=0 (kK +m=wn), and
Jn.k,m(x> y) = (xy)fl/Z(l — X y)-—an,k,m(xa y)(km(l —X— y)Z
—(ky+mx)n—k—m)(1 —x—y)
+(n—k—m)n—k—m—1)xy), (3.4)
fork+m<n
For the above formulas, we have
LEMMA 3.2. For x+ y <32, there hold
Y pem(x, ¥) <51 (3.5)
k+m<n
and
Y Wkl y) <50, (3.6)
k+m<n

Proof. From Lemma 3.1, we have

Z ,In,k,m(x7 y)l

k+ms<n

< 1=x—p)70 Y Pl YI(R/MP (1 —x~ )

—2k(n—k—m)n " *x(1—x— y)+ (n—k —m)*n—2x?
+ k(1 —x—y)/n’+ (n—k —m)x*/n?)}
=n’x M(1-x—yp) 'B(s*(l—x—y)? —2s(1 —s— ) x(1 —x— y)
+(1=s5s—0)%+(s(l —x—y)*+ (1 —s— )x*)/n, x, y)
=’ x (1 =x—y) ' B,({(s—x)1—x— )+ x((1 —=x~ )
—(I=s—N}P+s(l—x—)n+{1—-s5s—1)x*n, x, )
<#ix M l-x—y) M2 —x— yYPx(1 = x)/n+ 2% (x + )
x{(1=x—y)/n+x(1—x—y)}(1-y)/n)

< 5n.
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For J, i m(x, ), note that
lkm(l —x— y)?—(ky + mx)n—k—m)(1 —x— p)+ (n—k —m)* xy|

=[(k(1—x—y)—(n—k—m)x)| [(m(l —x—y)—(n—k—m)y)|.
(3.7)

We have, using Holder’s inequality and Lemma 3.1,

Z lJn,k,m(xa y)l

k+m<n

<) (1= x—p)"! { S (n—k—m) xyPogn(x, 3)

T Pl IV (1 —x— ) 1~ k)

(P, )2 (1 == 3) (n—k=m)11}
<) (1 —x = p) " an(1 - x— yYn+ (B(((5— )

X (1= x— ) x(1—x— )= (1 —s= D)% 5 P2

X (B (1= y)(1—x— )+ p((1—x— ) = (1= s~ ), %, )"}

< 5n.

The proof is complete.

LemMa 3.3. For I, ,.(x, y) and J,; .(x, y) given by (3.3) and (3.4),
there hold

[ Mo, ) e dy <2/ (38)

and
[ Vnkontie, )1 dx dy <2jn. (39)

Proof. Denote P, , ,(x, y)=0, if (k/n, m/n)¢S.
By the equality

[| Poinls ) dxdy=(n+2) "'+ )7,
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we have
] 1, )1 dx ay
S
<[] Prsne, 9031 = x = ) =2k~ k= )

+m—k—m)x/(1 —x~— )+ k(1 —x— y)/x
+(n—k—m)x/(1—x—y))ydx dy

= [ (Pae i, 9~ k= m+ 1)k + 1) = 2k — k — )

X P tom(X Y)+ Prgs X YK+ 1)~k —m+1)) dx dy
=2(n—m+1)(n+2) (n+1)""

< 2/n.
In the same way, by (3.7) and Hoélder’s inequality, we have
I Vs, )1 i dy
<JJ 00 AU = x = )7 Pt ) (1~ K= )
+k(l=x—y)~(n—k—m)x| |m(l —x — y)— (n—k —m)y|} dx dy

r 1/2
<(Jf, k3Pt 51 = 5= 3) s )
1/2
<(JT, ) o1 =5 ) ey
# (J]_Pusnt k1 =5
—(n—k—m)x)’x (1 —x—y) tdx a’y))/2
<([[ Prsnt y)on(1 5=

1/2
(k=) (1 — x— ) dx dy)

S((k+D)n+2) M+ 1)y m+ Dn+2) n+ 1) H

+((n—m)(n+2) " n+ 1) Hn—k)n+2) a1 H
< 2/n.
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The proof is complete.

Now let us give the derivatives of the operators. Let
Frm=(1+2)(n+ 1) [[ Pyt nls, 1) fl5, 1) ds . (3.10)
N

LemMma 34. For D,(f, x) given in (1.2), we have

(&) 2

n n—k
=x"M1=x=p)"" Y X Lamx ¥) Fppm (3.11)

k=0 m=0

_n(n_l) Z Z Pn 2,k— 2m(x J’)( nk,m 2Fn,k—1,m+Fn,k72,m);

k=2 m=0
(3.12)
az
(5500 ) (5 2)
n n—k
:(xJ’)q/Z(l“X—J’)A Z Z Jn,k,m(x’ y)Fn,k,m (313)
k=0 m=0
n n—k
=n(n—1) Z Z Py sk tm1(%))
k=1 m=1
><(I;‘n,k,m—I;vn,k—l,m_F‘n,k,mgl'f'F'n,kfl,mfl)- (314)

Since the proof of this lemma is the same as that in [ 7], we omit it here.
We can now give the Bernstein-type inequality as follows.

LemMA 3.5. For 1< p< oo, f€L,(S), we have

(D, f), <80n | f],- (3.15)

Proof. 1t is sufficient to estimate ¢o,(D, f),.
For 1 < p< 0, let ¢= p/(p—1); then we have from the above lemmas

52
x(3 007 ) )
Lp(x+y<3/4)

plq
P
<4 J‘j +y<3/4< I n’k’m(x’ y)|>

X( Y Mpm(x ) IF, kmlp)dxdy

k+m<n

r4

k+m<n
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< 47(5n)#9 Z

k+m<n

[ AEnln 9l dxdy(n+2)7n+ 1)

X+y<3/4

X ( f f Prn(s, 1) ds dz)m
s
X <” P, oem(s, 1) | f(s, 0)|F ds dt)
<4°(5n)P12/m)(n+2)(n+1)

x HS< Y Prinls. 1) 1£(s r)v> ds dt

< (80)n” || f117;

p

() (52 ) )

Lp(x+y < 3/4)

<47 ”HNM ( Y Wkl y)l)p/q

k+m<n

x < Z lJn,k,m(xa Y)‘ an,k,mlp> dx dy

k+m<n

<A (Snye Y o, m(X, p)| dx dy(n+2)(n + 1}

k+msn " x+y<3/4

X [[ Ppomls, 1) | f(s, 117 ds dr
<(80)n” [ £15.

For p=1, the proof is easier, since we need only use Lemma 3.3 and 3.4,
and hence we omit it here.

The estimate of || y((6*/0y*) D, f)(X, ) L,cx+y <34 can be given in the
same way, and our proof of the Bernstein-type inequality is complete.

LemMa 3.6. For 1< p<oo, D,(f, x, y) given in (1.2) and feW,, we
have

$1(D, ), <Ld:(S)y, (3.16)

where L is a constant independent of f and n.
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Proof. By Lemma 2.2, we need only prove

¢2(an)p < L¢l(f)pa

with a constant L independent of f and ».
Following the fact that

(Dnf)1(x, y) = (D(fi)(x, y)s
we need only prove
$02(D0f)p < L(Boy (f), + LS 1 ).
First let us assume f|,, ,.,=0. We note that
P m(X, ¥) = Pric_1.m(x, ¥)

0
= (e Prrikn) VDL for k3L

and

Pn,k,m(x’ y) - 2Pn,k~ l,m(x: J’) + Pn,k—Z,m(xa y)

2

d
= (4 20+ 1) (5 Passin ) G0 for k32

and use (3.12) and Holder’s inequality to write for 1 < p< o0

52
¥ (3500f ) 5 M2

”x+y<2/3

% [[ (6 Dol )= 2P 15, 1)

n(n—1) Z XP, s 2m(% y)(n+2)(n+1)

k=2

P
+ P amls t))dsdt) dxdy

J\va+y<2/3

62
xjfsf(ss t) (F Pn+2,k,m> (S, t) ds dt

n Z (k—l)Pn——l,k~1,m(x9 »)

k=22

D
dx dy

(3.17)

(3.18)
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J‘va+y<2/3

62
<[, Paam(s 0 2 (5, 1) di i

J\J\)«t—+-,\/$2/3

az
RN Y T

n Z (k—l)anl,krl,m()g )’)

k=2

p
dx dy

n Y, (k=1 Py 1 mlx, )n+2)/k

k=2

4

dx dy

w2 [[ AT Pl )0 204 3) 0
<[ P rntsn|s(Se) 0| warf avay

<n(n+2)(n(n+ 1))*1& 5 (%f) 0| ds dr

<2401 f),- (3.19)

Now for any fe W,, we choose the same function  as in the proof of
Theorem 2.4. Then we have by (2.18) and (3.19)

(5200 ) )

<200(4f),

Lp(x+y<2/3)

S2ML (A + 90l f))s

where M is a constant independent of f and ».

Let F, = (n+2)n+1) [[s Pyimls, N1 = (s, 1)) f(s, t) ds dt.
Using Lemma 2.3 and (3.12), we also have

?

x (56;—2 (DAF =4 59

fo—%ysZ/l&

I ! ’
X(Frkom=2F e tm+ Foje—2m)

Lp(x+y<2/3)

nY Pyoygoim(x p)k—1)

k=2

F4
dx dy
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<[ {n2 5 Mn "=
*+y<2/3 (ktm=1)fn—1)>a

=

X (lFrlz,k,mI +2 |Frlt,k~1,m! + ‘Fr;,k—Z,m,)

+n2 Z Pn—l,k«l,m(xa y)(”+2)(”+1)

k+m—1)(n—-1)<a
k=2

x‘ﬂ;+t>c If(s’ t)| Il _W(& t)l (Pn,k,m(s’ t)
+2P, 4 1l 1)+ Py o n(s, 1)) ds dt}p dx dy
<Hx+ysm {Mpn~1)-1(n+2)(n+ N1+ ]].ﬁj]w)ﬂs Lf(s, 1)] ds dt

+4M " 7 n(n+2)(n + D1 + Y] ) ﬂs | f(s, 1)} ds dt}p dx dy

S(64M (1 + [l o) 11 ,)7-

Therefore we have proved for feW,, 1< p< o,

62
X(E—X_Z an) 7) Lp(x +y < 2/3)
< (2M) +64M,(1+ W DS + Bor(S),)-

The case p=1 is easier to prove with the same method, and we omit it.
In the same way, by Lemma 3.4 we can write

32
o1 (5550, F ) . 3)

. <SLUS N, + dor(f),)

Lp(x 4y <2/3)

and

SLUS M, + ot (f)p)-

Lx+y<2/3)

]I y (5‘1— an) (x, 7)

The proof is now complete.

4, MAIN RESULTS

Using all the above lemmas, we can now state and prove our inverse
theorems. Here the decomposition method which the author introduced
previously [20] is crucial.
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TueOREM 1. For 1<p<oo, feL,(S), and O<a<l, the following
statements are equivalent:
1 WD f=Sl,=0n""); (4.1}
(2)  K(f.1),=0(); (42)
GYA) 147 7o 1O W e vy <m0y < ME (4.3)
A7 fe, S, I Ly 4y <, be iy S M1
145 fres i Srea SOOI Ly sy <, xmiya, yo iy S MER, (4.4)
where M is a constant independent of h, t > 0.
(ii) Condition (3)(1) is valid for fi{x, y)=f(l —x—y, y);
(iit) Condition (3)(1) is valid for f,(x, y)=f(x, 1 —x~—y).

Proof. The equivalence of (1) and (2) follows from Theorem 2.4,
Lemmas 3.5 and 3.6, and a result of A. Grundmano [127.

Now suppose (2) holds, ie., K(f, ), < Mt*.

Note that for x > A%,

We have for any ge W,, h<3—b<j4,

“Ai\/}e, f(xa y)“ Lix+y<b x=h)
< IS — gl + 1A (x+h /% p) = gx +h /% P 1y,
IS —h % y)— g =% )y + 143 e 806 Dy

<sir-al,+ [ {x(5me) ot tero it dia

Ly(E)
Here the domain E= {(x, y): x+ y<b, x = h’}.
We now use a fact in [17:

aph/2
”_h/z((y+S+t)(1—y-s—t))*1dsdtsshz(yu—y))*l, (4.5)

forO<h<i, y=h
Note that

XYM u+ o)<+ 0/ (h+u+v), (4.6)

for x=h*, u, ve (—h/2, h/2).

640/70/1-7
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We have by Holder’s inequality for 1 < p< 0

ij+y<b,x;h2 Hi/:/z { (6622 g> (x+ (u+0v)x"? y)} du dv
<Jf x+y<h x2h? {(J‘J‘h/:/z X+ u+u)x1/2) ldudu> p=1

h/2
xﬁ x(x+ (u+v)x"?) !
—hp2

dx dy

(x+(u-i—v)x1/2)(ax2 )(x+(u+v)x‘/2, y)‘ du dv} dx dy

< (6h%/(1 —h2))p=1 H% (1+h/(h+u+v)) dudo

|l

x+y<b xzh

< (60%)7~"2(¢o1(8),)"(h* + 9h7)
< (60h%gy(g),)".

The estimate for p=1 can be given in a similar way.
Thus we obtain

p

dx dy

(x+ (u+1v)x'?) <§:—2 g> (x+ (u+0v)x'2 )

”Az xe, f(x9 y)l'Lp(x+y<b,x>h2)
<60 inf {[f—gl,+"¢:(g),} <60Mh>.
g€ Wy

Other conditions in (3) can be obtained similarly, and hence we have
shown that (2) implies (3).

Now suppose (3) holds; we want to prove (1). It is sufficient to prove
IDnf = fll Lyx+y<23=0(n""). From the proof of Theorem 2.4, we can
assume f|, ., ,>,=

We also have the decomposition formula

an_f=1+]a

as in (2.12). So we estimate these two terms, respectively.
From [9] and (2.4), we have for s (0,1), 0<k<n,

1M, (f) = fill 0,11

__ 1 (n—k+1)~12 .1
<M, (n—k+1)" fo L |42, f(2)|? dz dh,  (47)

where the constant M, is independent of k, n, and s.
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For se (0, al, ye(0, b(1 —s)] and, A< bh—a, we have

0<y/A<o(y/(1-5)2< ¥
therefore Lemma 2.2.1 of [10] yields

(n—k+1)"12 41
J J iAi(p(z)fs(ZdiZdh

0 0

(n—k+1)"12 .p(1—s) 5
<[ [ 1 el )7 dy dbi(1 =)

0 0

(n—k+1)712 b(l—s)
<4L fo |43, f3e, S (5, Y)I7 dy dh/(1 —s).

Thus, we have, from the above estimate and the assumption f|,,,.,=0,

T TR~

7

2/3
Sj { Y P (x)(1—x)(n+2)
o T
1
on Pn+1,k(s) HMnfk(fs)—j;Hip[o,l] ds} dx
2/3 ) i
<j { Y Pax)(1=x)n+ 2)[ Poyils) M (n—k+1)1742
¢ lo<km<s o
(n—k+1)~"12 b1 —s) ,
><J‘0 L |42 yezf(s’ V)P dy dh ds} dx

[

2/3 a N
<f { Y Pl —x)(n+2)f P, 1uls) M,
0 logkmss 0

Y Pl =)0 +2) [ P52 111 ds} dx

kin>b
(/4)=12 ob(1—5)
x ((2nb)1/2 42 f j 142, /5. £(s, Y7 dy dh) ds} dx
0 1]
2/3
+] { Y P01 —x)(n+2)

0 k/in>b

x f; P, (s)27 Ll £ (s, (1—5)2)|? dz ds} dx
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J(M)_m

< (n+2)(n+ 1)~ M (2nb) 4> dh

0
) 183l s N dsdy+ By (n+2) 274 011
s+y<
<M +n7),

where the constant M, is independent of n. Here, we have used the fact
that for 0<x<3, k/n>b,

P x)ysMun=—7""! (4.8)

holds with M » a constant independent of #, £ and x.
For the second term J, we have from (2.6)

”Jll f,p(x +y<2/3)

2/3 2/3
<[z [ IMESG (=20~ (1= x)2)l? dx

-1 1

42/3 dz{(AM)”n”z [7 dn | 147 e S5 (1= x— ho(x)2)

0
+ Aiqo(x)zezf(x_hq)(x)’ (1 - x)Z)
+24 +ho(x)zez 4 — he(x) e f (x—ho(x)/2, (1 —x—ho(x)/2)z)” dx}.

(4.9)

By the assumption f{,, ,.,=0, we have for n>(c—a)~*

n-12

2/3 1
j dznl/zj dhj 142 1 e [ (3 (1 = x = hp(x)2)|7 dx
0 [¢] [4]

by [T e 2
sn ! fo dh JO dx JO IA 7h(p(x)e1f(x’ (l—x—h(p(x)z)[”dz

n—12

<]

¢ (I —x—ho(x))2/3
dh j dx j
Q 0 0

A2~h(p(x)e1 f(x5 y)l i dy

-1

n—12 4 c—y
<4n1/2 J;) dh jo dy J;) |A2_h¢(x)elf(xs y)lpdx'

Note that for xe [0, c— y],

X122 < op(x) < xV2
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We obtain from Lemma 2.2.1 of [10]

n—12 1

2/3
[Taen'® [ dn [ 147 g fx (1= x = ho(x))2)|” d
0 0 0

=12

<8’ [ dn [ 4 st yiraxdy

X+y<e

< 8MPn e

The other two terms in (4.9) can be estimated in a similar way.
Therefore,

ID,f—fl Lix+y<23) = O(n— ),

and the proof of Theorem 1 is complete.

Remark. Another way of proving Theorem 1 is to give an interpolation
theorem which is similar to that in [10].
The inverse theorem for m-dimensional Bernstein—Durrmeyer operators
on the simplex is given in the following.
ith
FormeN, let S={(x,)e R™": 3", x;<1, x,20}, ¢,=(0, ... 0, 1,0, ..., 0),
x={(X{, w0 X), k=(k, .., k), and

m m n—Z?;lk;
P, (x)=n! (H xf")(l -y x,->
i=1

i=1

((fen)-ge))

The m-dimensional Bernstein—-Durrmeyer operators are given by

D(f,x)= ¥ Pn,k(X)(n+m)!(nf)”LPn,k(y)f(y)dy- (4.10)

kiz0,Xkisn

THEOREM 2. For 1<p<ow, feL,(S), O<a<l, the following
statements are equivalent:

(1) D f=Sfl,=0(n"")
(2)i) Forl<i, j<m
147 e N Ly et — @ty = OF);
140 e e SO s et = @my s s, x5 2y = O,
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(il) For 1< j<m, (2)(i) is valid for f; which is defined by

fj(x)=f(x—xj€j+<1-— i x,) ej>.

I=1

Thus for multidimensional Bernstein-Durrmeyer operators, we have
solved the characterization problem in the non-optimal cases in L,
(1< p< o) and C(S). The saturation conditions, however, still remain
open.
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